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Abstract
We consider the problem of a proper definition of the mass of a heavy unstable
boson. It is shown how various definitions are related by the renormalization-scheme
independence of the full resummed amplitude. This is made explicit for theW boson
in the large Nf limit, where we find an upper bound on the peak position of the
lineshape and on the mass, provided a sensible definition of the mass is used. In more
realistic models, we conjecture that under certain conditions the mass is similarly
bounded. Using this approach an upper limit of about 1 TeV on the mass of the
Minimal-Standard-Model Higgs boson is found, independent of any breakdown of
perturbation theory.
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1 Introduction
The problem of a proper definition of the mass of unstable bosons has been
hotly debated [1–3] in the past. For the W and Z bosons, the differences be-
tween the various definitions are perturbative and easily calculable, as Γ/m ≈
1/40. It is thus a matter of convention which definition is used. The scheme
preferred at LEP1 is to renormalize the mass at real values of p2 = s, and we
shall call this the LEP1-scheme. The alternative scheme, which we shall dub
the complex-pole (cp) scheme, uses the position of the pole in the complex s
plane as the renormalization point. The LEP1 scheme gives rise to a running
width in the propagator, whereas the cp scheme yields a fixed width.
The difference between the various schemes becomes especially relevant in the
case of a heavy Higgs boson, which will be looked for by the next generation of
proton colliders [4]. Its width can be a sizable fraction of the mass: ΓH/mH ≈
m2H/(1425 GeV)
2 perturbatively. The behaviour Γ ∝ m3 is general to a theory
with massive bosons and a fixed low-energy effective coupling.
In this letter we investigate the various definitions of the mass of an unstable
boson, and how these are bounded by the m3-behaviour of the width. We
perform this investigation in a model, where we can resum the perturbation
theory exactly: aW boson withGµ → 0, Nd →∞ (Nd is the number of fermion
doublets) such that GµNd is finite. We also discuss whether the occurrence of a
Landau pole jeopardizes these results. Finally, we conjecture a generalization
of the mass bound and apply this to the Standard-Model W and Higgs boson.
2 Results for W bosons in the large Nd limit
To investigate the behaviour of an unstable boson with a very large width, we
study the reaction e+νe → µ+νµ in a model with Nd → ∞ massless fermion
doublets and a coupling constant Gµ → 0, such that their product stays
finite. In this renormalon approximation, all one-loop irreducible corrections
are given by the one-loop fermionic self-energy diagram. All other diagrams
are suppressed by powers of 1/Nd. Up to spinorial factors, the unrenormalized
amplitude is then given by
A(s) = gˆ
2s
s− µˆ+ gˆ2Σ(s) , (1)
where the real quantities gˆ and µˆ indicate the unrenormalized coupling con-
stant and mass squared, respectively. The one-loop fermionic contribution to
2
the W self-energy is given by
Σ(s) =
Nd
6π2
s (Λ− log(s+ iǫ) + iπ) (ǫ ↓ 0) . (2)
As is well-known, the non-zero imaginary part implies a finite life-time for the
W boson. The infinity of the self-energy is parameterized by the real quantity
Λ, and all physical results are independent of it.
We now introduce a class of mass-renormalization schemes by the following
condition on the scaled inverse amplitude V (s) = s/A(s):
ReV (µ) = 0 ⇒ µˆ = Reµ+ gˆ2ReΣ(µ) (3)
for some (complex) renormalization point µ ≡ m2(1−ix). The LEP1 scheme is
given by the specialization Imµ = 0 and µ = m2r , the cp scheme by ImV (µ) =
0 and µ = µc = m
2
c(1− ixc). Intermediate schemes can be defined to connect
these two special cases.
An essential ingredient in our discussion is the existence of an effective low-
energy coupling constant Gµ, embodied in the Fermi condition
√
2
Gµ
≡ −V (0) = µˆ
gˆ2
=
Reµ
gˆ2
+ ReΣ(µ) . (4)
Note that Gµ is real. We thus have
V (s) = −
√
2
Gµ
+ Σ(s) +
s
Reµ
(√
2
Gµ
− ReΣ(µ)
)
, (5)
which is independent of Λ. The natural scale in this problem is
A =
6π
√
2
NdGµ
. (6)
Perturbatively this yields a decay width Γ = m3/A. In the Minimal Standard
Model we find A = (437 GeV)2 for Nd = 12 (i.e., neglecting all fermion
masses). We may now write
V (s)=−Nd
6π
(
A +
s
π
log
s+ iǫ
A
− is− sΦ(µ)
)
, (7)
Φ(m2(1− ix)) = A
m2
+
1
π
log
m2
A
+
1
2π
log(1 + x2)− x(1 + arctan x
π
) . (8)
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Fig. 1. Lines of equal physics in the µ plane. The intersection with the real axis
defines the LEP1 renormalization scheme, the intersect with the egg-shaped curve
at the left the cp scheme.
Note that we have traded gˆ and µˆ for A and Φ. Lines in the complex µ
plane with Φ(µ) constant correspond to exactly the same physics 3 . The LEP1
renormalization scheme corresponds to the intersect of these lines with the real
axis, x = 0; the cp scheme, V (µc) = 0, implies
m2c =
Axc
(1 + x2c)(1 + arctan(xc)/π)
. (9)
In Fig. 1 we present some lines of constant Φ for Reµ > 0. One sees that
for Φ < (1 + log(π))/π ≈ 0.6827 there are no longer any real solutions, so
one cannot describe a W boson with this mass in the LEP1 scheme. This
limiting value is given by m2r = πA, or equivalently xc = Γc/mc ≈ 1.605 and
m2c = 0.3393A. For larger Φ, there are two solutions for m
2
r , of which the
small one is the usual one. It is amusing to note that within this renormalon
approximation a value mW = 1.392 10
22 GeV would give precisely the same
lineshape as the standard W mass of 80.23 GeV. In the region with dotted
lines with Φ < log(2/3)/π ≈ 0.2122 (µc/A = −2i/3) the propagator does not
retain a pole, and the cp scheme is ill-defined. However, it still describes a
bona-fide lineshape.
3 It is easy to verify that the amplitudes corresponding to V (s) are unitary.
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Fig. 2. The lineshape for various values of xc. The positions of the peaks are indicated
by diamonds, the values of |µc| by crosses.
At this point we want to remark the following. It could be argued that a large
value of xc = Γc/mc indicates a break-down of either perturbation theory
or the particle interpretation of the propagating field. However, we see no
signs of such a breakdown, even for xc → ∞. It remains to be seen whether
the complete disappearance of a singularity in the propagator does indicate a
limitation of the perturbative approach. The disappearance of the pole can be
interpreted as the change from a propagating, albeit very short-lived, particle
to a non-propagating particle that mediates an effective interaction.
The mass of the W is thus bounded in both renormalization schemes. In the
LEP1 scheme this is an unphysical effect — some perfectly acceptable values
for Φ give lines that simply do not intersect the real axis. In contrast, the
absolute value of µc is properly defined on a much larger parameter space.
Within this parameter space it peaks at xc ≈ 4.493 (|µc| ≈ 0.6825A).
It remains to study how these bounds are related to the peak position in the
experimentally measurable spectrum, which is the physically relevant mass
definition. The lineshape is proportional to
σ(s) =
(
Nd
6π
)2 s
|V (s)|2 . (10)
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Fig. 3. Relation of various mass definitions to the peak position in the lineshape.
In Fig. 2 we show this quantity for some values of xc. Somewhat surprisingly,
we find that the peak position is also bounded, and has qualitatively the same
behaviour as |µc|. Indeed, in an effective model with an inverse amplitude
V (s) = (s − µc)/g2 (with constant g) one would find speak = |µc|. Upon
inclusion of all higher-order effects, the peak position speak is given implicitly
by
Φ = Ψ±(speak) , Ψ
±(s) =
1
π
(
1 + log
s
A
)
±
√(πA− s
πs
)2 − 1 , (11)
where one chooses Ψ± when Φ
>
< Ψ+(smaxpeak) = Ψ
−(smaxpeak), with
smaxpeak =
π
π + 1
A . (12)
This last equation gives the largest attainable peak position, smaxpeak ≈ 0.7585A
for µc = 0.6824A and xc = 4.165. For the Standard Model W boson, s
max
peak ≈
(380 GeV)2.
We are now in a position to compare the different definitions of the mass
of an unstable boson. In Fig. 3 we show the absolute value of the complex
mass and the LEP1 mass as a function of the peak position. As we suspected
the absolute value of the complex mass gives the best indication of the peak
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position, up to very high widths. The LEP1 renormalization scheme breaks
down very quickly, and also deviates substantially below this. We note that the
maximum value reached by the absolute value of the complex mass (0.6825A)
is fairly close to the maximum of the peak position (0.7585A). However, for
Φ < log(2/3)/π the complex mass is also ill-defined and the only definition
left is the peak position, if we accept these solutions as legitimate.
3 Landau poles
In the previous section, we have always assumed that the theory is valid in
the peak region. However, the occurrence of a Landau pole at the same scale
would indicate that the renormalon approximation we are using is no longer
adequate. Using the cp scheme, we can write the inverse amplitude as
V (s) =
s− µc
g2c (s)
,
1
g2c (s)
=
1
gˆ2
+
Σ(s)− Σ(µc)
s− µc . (13)
For positive s, the running coupling is given by
1
g2c (s)
=
1
g2c (0)
(
1− sµc
πA
log(s/µc)
s− µc
)
. (14)
The Landau pole would be situated at the point where g2c (s) diverges:
Aπ
(
1
µc
− 1
s
)
= log
s
µc
. (15)
Equating the imaginary parts and using Eq. (9), we find that there is no so-
lution for real s > 0. The Landau pole for positive s has been moved into
the complex plane. This can also be seen from Fig. 4; the running coupling is
bounded by |Ndg2c (s)/6π + i/2| < 1/2 for positive s. In the LEP1 renormal-
ization scheme g2r(s) does exhibit a pole for s > 0, but the amplitude stays
finite, as required by the scheme-independence.
For negative s, one has to be careful about the continuation of the logarithms
in Eq. (14), which becomes
1
g2c (s)
=
1
g2c (0)
(
1− sµc
πA
log(−s/µc) + iπ
s− µc
)
. (16)
As required by the optical theorem, the amplitude now is real; this follows
trivially from Eq. (7). In this region we do encounter a Landau singularity;
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Fig. 4. The running of the coupling in the cp scheme. The sickle in the center is
generated for s > 0, the diamonds for s = 0, and the fans starting out to the right
and returning from the left for s < 0.
both g2c (sL) diverges, and the inverse amplitude V (sL) vanishes, for some sL <
0. In Fig. 5 we show the position of the Landau pole as a function of the mass.
One can see that the singularity is always a relatively safe distance away from
the mass scale: at the largest mass, |µc| = 0.6825A, we have sL ≈ −5.9 |µc|,
while for xc → ∞, sL ≈ −4.4 |µc|. We therefore conclude that effects from
the Landau pole are not likely to influence the conclusion that the mass is
bounded.
4 Beyond the renormalon
Up to this point we have considered only the renormalon approximation
Nd →∞. In the Standard Model the fermion loops form only part of the de-
scription of massive bosons. Bosonic contributions to the self-energy, though
not directly contributing to the on-shell width, may alter the picture consid-
erably. Unfortunately, the inclusion of these is not straightforward. We do not
know all higher-order corrections, and therefore problems arise when one re-
sums the propagator, but computes the other corrections to a fixed order: a
seperation between these two sets is in general not gauge invariant.
Some features of the resummed amplitude can however be inferred without
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Fig. 5. The position of the Landau pole for s < 0 as a function of the approximate
peak position |µc|.
explicit calculations. We conjecture that the mass |µc| is bounded under certain
conditions, and give an estimate for its upper value.
The conditions are
• The theory contains a heavy unstable boson B, which decays into light
particles (mi ≪ mB).
• All other particles have masses which are of the same scale as the B mass.
• There is a low-energy condition, resulting in a dimensionful effective cou-
pling constant, so that the perturbative width is proportional to m3B.
We can take over the analysis of Eqs (3-5), except that in general Σ(0) 6= 0. A
non-zero imaginary part of Σ(0) forces the introduction of a phase in the Fermi
condition,
√
2/Gµ ≡ −V (0) exp(iφ). This phase is not due to the existence
of open decay channels, but to the use of a complex renormalized mass inside
loops. We obtain
V (s)=−
√
2
Gµ
cos φ+ Σ(s)− ReΣ(0)
− s
Reµ
(
−
√
2
Gµ
cosφ+ ReΣ(µ)− ReΣ(0)
)
, (17)
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with
sinφ = ImΣ(0)
Gµ√
2
. (18)
The position of the complex pole µc is given by ImV (µc) = 0. As a function
of xc = − Imµc/Reµc we find
m2c(1 + x
2
c) Im
(
Σ(µc)
µc
)
= xc
(√
2
Gµ
cosφ+ ReΣ(0)
)
. (19)
Under the conditions listed above, the most important features of the one-loop
self-energy Σ(s) are
Σ(s) =− β0
16π2
(
sΛ + iπsf − s log s+ α1s log µc
s
+ α2ReF (µc)
+ neglected terms
)
(Re s > 0) , (20)
where β0 is the first coefficient of the β-function which governs the evolution
of the coupling parameter g2(s). In our convention, the β-function is given by
16π2
dg2
d logQ2
UV
= −β0 g4 +O(g6) . (21)
By f we denote the fraction of the β-function that corresponds to the light
particles into which the bosons can decay. In the model considered before,
β0 = −8Nd/3 and f = 1. The arbitrary real numbers αi do not influence
the results. The neglected terms contain various small logarithms, plus a term
Λ Imµ which is formally infinite but must disappear when higher orders are
taken into account.
Combining Eqs (19) and (20), we find
m2c = −
16π
β0
√
2
Gµ
xc
(1 + x2c)[f + arctan(xc)/π]
. (22)
This gives egg-shaped curves with a maximum in |µc| near xc →∞,
lim
xc→∞
|µc| = −16π
β0
√
2
Gµ
1
f + 1/2
. (23)
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5 Applications to various models
Assuming the approach of the previous section (in particular the form of the
self-energy) to be justified, we now apply it to a few models of unstable bosons.
In the first place, we can apply this to a naive, effective description of an
unstable boson, in which Σ(s) = isγθ(s). This is the description used, for
instance, in the ‘improved Born approximation’ to the Z0 lineshape at LEP1
energies. It gives rise to a complex pole on the semicircle
∣∣∣µcGµ√
2
γ +
i
2
∣∣∣ = 1
2
. (24)
Secondly, for the Standard-Model W boson, we have [5] β0 = 8 (43/6−Nd/3),
fβ0 = −8Nd/3. The mass is thus limited by |µc| . 4NdA/(6Nd − 43) ≈
(560 GeV)2, again using Nd = 12. Preliminary studies of the explicit inclusion
of the one-loop bosonic corrections give a very similar result. Note that the
Landau pole has disappeared in this asymptotically free theory. Moreover, in
the limit Nd →∞, we recover the results of section 2.
Finally, we turn to the Standard-Model Higgs boson, only taking into account
the bosonic corrections. The dimensionless coupling constant is λ, which we
define through its low-energy behaviour in the reactionW+LW
−
L → ZLZL, with
m2W,Z ≪ s, |µH|:
λ =
µH
v2
⇒ V (0) = v2 . (25)
Note that v2 now plays the role of
√
2/Gµ in theW -boson analysis. This is pos-
sible because of the low-energy theorem, which guarantees that the amplitude
is given by A(s) = s/v2 for s ≪ |µH | [6]. We use a (tadpole) renormaliza-
tion scheme in which v = 246 GeV is an observable and is not subject to
higher-order corrections within our approximations [7].
Due to gauge cancellations the self-energy has the form (20) with β0 = −3 [5].
From the standard perturbative expression for the width of the Higgs boson
we infer AH = m
3
H/ΓH = 32πv
2/3, this gives f = 1/2. Therefore, the large-
width value of |µH|1/2 is conjectured to be 1000 GeV, and the upper bound
on the Higgs mass and peak position should be close to this value.
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6 Summary and conclusions
In this paper, we have argued that a renormalizable theory in which low-energy
scattering is characterized by a dimensionful effective coupling allows for only
a limited range of values of boson masses, if the mass is defined as the distance
of the complex pole from the origin. This definition is seen to be very close to
the value of the mass as derived from the peak position in the lineshape. The
more usual (LEP1) definition of the mass is seen to be applicable only over
a much smaller range of parameter values. We have studied this phenomenon
using a number of approaches, culminating in a limit of about 1 TeV for the
Higgs boson of the Minimal Standard Model. Whereas similar limits have been
obtained using arguments on the ‘breakdown of perturbation theory’, no such
effect is either evident or necessary in our approach.
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